Abstract: We derive necessary and sufficient conditions for N = 1 compactifications of (massive) IIA supergravity to AdS 4 in the language of SU (3) structures. We find new solutions characterized by constant dilaton and nonzero fluxes for all form fields. All fluxes are given in terms of the geometrical data of the internal compact space. The latter is constrained to belong to a special class of half-flat manifolds.
Introduction and Summary
Flux compactifications [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] are currently being studied intensively, not least for their potential phenomenological interest. Perhaps their most attractive feature is that they allow the possibility of fixing (part of) the geometrical moduli of the internal space. Moreover fluxes generally source warp factors, which can provide a mechanism for generating hierarchies.
In many cases it suffices to work in an approximation where the back-reaction of the fluxes on the internal manifold is ignored. In N = 2 type II compactifications to four-dimensional Minkowski space, for example, one continues to treat the internal manifold as if it were a Calabi-Yau, even after giving expectation values to the antisymmetric tensors along the internal directions. This situation is usually described as 'Calabi-Yau with fluxes' despite the fact that it does not correspond to a true supergravity solution.
This approach is motivated partly by the fact that the physics community has grown particularly fond of Calabi-Yau manifolds, on which one can use familiar tools from algebraic geometry. Once fluxes are turned on, however, the internal manifold is deformed away from the Calabi-Yau point and, generically, it will even cease to be complex. The manifolds which appear naturally in the setup of the present paper, for example, belong to the class of half-flat manifolds [15] also known as half-integrable [16] about which little is known. Notably, they appear in the mirror-symmetric picture of 'Calabi-Yau with fluxes' compactifications [17, 18] .
For many practical purposes it has proven fruitful to work within the approximation described above and to ignore the back-reaction of the fluxes. Nevertheless it would still be desirable to obtain exact results, corresponding to genuine supergravity solutions. Ideally, one would like to be able to classify and systematically construct concrete examples of internal manifolds satisfying the requirements for a consistent (supersymmetric) vacuum with fluxes. This task, however, is well beyond our current technology. The knowledge of exact solutions may provide clues as to how to set up some kind of perturbative expansion for which the order parameter would be the flux. 'Calabi-Yau with fluxes' would then correspond to the leading-order term in this expansion.
The subject of supersymmetric supergravity compactifications is of course not a new one. More recently, it has become clear that the most suitable language for the description of flux compactifications is that of G-structures. There is already a considerable amount of literature on the subject, see [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] for an inexhaustive list of references.
The necessary conditions for N = 1 IIA (and IIB) supergravity compactifications to four-dimensional Minkowski space were given in the language of SU (3) structures in [35, 36] . The authors of these references examined the conditions for unbroken supersymmetry but did not impose the Bianchi identities or the equations of motion. The latter were taken into account in reference [29] . A class of N = 1 compactifications of Romans' supergravity to AdS 4 was given in [37, 38] , corresponding to the internal manifold being nearly-Kähler. In the massless limit these solutions reduce to four-dimensional Minkowski space times a Calabi-Yau, and all fluxes vanish.
In the present paper we derive the necessary and sufficient conditions for N = 1 compactifications of (massive) IIA supergravity to AdS 4 in the context of SU (3) structures, and we find a new class of solutions. These are characterized by constant dilaton and scalar fluxes (the term 'scalar' referring to the decomposition in terms of the SU (3) structure group) turned on for all form fields. In addition, the (massive) two-form can have a nonzero primitive piece. The intrinsic torsion of the internal manifold X 6 is constrained by supersymmetry and the Bianchi identities to lie in
and therefore X 6 is a half-flat manifold. Recall that the latter is a manifold whose intrinsic torsion is contained in W
Within the class of half-flat manifolds, our solutions are 'orthogonal' to the example based on the Iwasawa manifold encountered in [21] , in the sense that for the latter the intrinsic torsion is entirely contained in W 3 . In addition to (1.1), the Bianchi identities require the exterior derivative of W − 2 to be proportional to the real part of the (3, 0) form on the manifold X 6 ,
Moreover, all form field components are expressible in terms of the geometrical data of X 6 . The equations-of-motion are then satisfied with no further requirements.
In contrast to [37, 38] our solutions reduce in the massless limit to AdS 4 times a six-dimensional manifod X 6 of the type (1.1, 1.2). The lift to M-theory can then be taken, and leads to a sevendimensional internal manifold which is a twisted circle fibration over X 6 . This theory is expected to admit a three-dimensional conformal field theory dual, see [39] for a recent discussion and [40] for earlier work on this subject.
In section 5 we examine examples of six-dimensional manifolds with properties (1.1,1.2). More specifically, in section 5.1 we construct a class of examples of six-dimensional manifolds which are T 2 fibrations over K3. In addition, in section 5.2 we examine a one-parameter family of examples based on the Iwasawa manifold. To our knowledge, of all the nilmanifolds considered in the mathematical literature [41, 15, 16, 42] , this is the only one for which (1.1) holds. This example turns out to be a degeneration of the case considered in section 5.1, whereby the K3 base is replaced by a T 4 . Although the examples of section 5 do satisfy equations (1.1,1.2), they fail to reproduce the specific constant of proportionality between dW − 2 and the real part of the (3, 0) form required by the Bianchi identities. The construction of more examples of the type (1.1,1.2) will have to await further developments in the mathematical literature.
In section 2 we review Romans' ten-dimensional supergravity and examine the integrability of the supersymmetry variations. We conclude that imposing supersymmetry, the Bianchi identities and the form equations of motion suffices for the dilaton and Einstein equations to be automatically satisfied. Similar statements have previously appeared in the literature (see [22] , [43] for a discussion in the context of eleven-dimensional supergravity) but, to our knowledge, not in the context of the present paper. In section 3 we reduce on AdS 4 × X 6 taking into account the fact that the internal manifold possesses an SU (3) structure. The necessary and sufficient conditions for N = 1 supersymmetry are derived in section 4, where our solutions are presented. Section 5 is devoted to the explicit construction of examples. The two appendices contain our conventions and some useful technical results.
Massive IIA
This section contains a review of Romans massive supergravity [44] . It is included here in order to establish notation and conventions.
The bosonic part of the action reads
where
and
These forms obey the Bianchi identities
Note that we are using 'superspace' conventions for the forms:
Recall that there is no (known) covariant lift of massive IIA to eleven dimensions. To make contact with the massless IIA supergravity of [45, 46, 47] , one introduces a Stückelberg gauge potential A so that
The Bianchi identities of the forms read
After introducing the Stückelberg field, the theory is invariant under
Moreover, one can check that in terms of the fields A, B, C the Chern-Simons terms in (2.1) can be rewritten, up to a total derivative, as
so that the m → 0 limit can now be taken and the Lagrangian reduces to the one of massless IIA supergravity.
Equations of motion
The equations of motion that follow from (2.1) are
(2.10)
Note that the integrability condition following from (2.11), 13) becomes in the massless limit the equation of motion for the gauge field.
Supersymmetry
The gravitino and dilatino supersymmetry variations read
and 15) where the supercovariant derivative is given by
and ǫ is the susy parameter. One can transform to the string frame by rescaling e A M → e φ/4 e A M .
Integrability
We will now argue that in a purely bosonic supersymmetric background the vanishing of the supersymmetric variations of the fermions together with the Bianchi identities and equations-of-motion for the forms imply (under a further mild assumption which is satisfied by the compactifications considered in the present paper -see below) the dilaton and Einstein equations. To our knowledge, this is the first time this has been shown in the context of the present paper. For the purposes of this subsection we set B ′ = 0 for simplicity of presentation. The conclusion does not change by introducing a nonzero B ′ -field. We have found [48] extremely useful in the following computation.
In a bosonic supersymmetric background, the supersymmetric variations of the fermions have to vanish. Assuming this to be the case, one can use the gravitino variation to obtain an expression for the commutator of two supercovariant derivatives acting on the susy parameter,
Furthermore, the vanishing of the dilatino variation gives
Taking the 'square' of the above expression we get,
Multiplying (2.17) by Γ N and substituting (2.18,2.19) we obtain In conclusion, supersymmetry together with the Bianchi identities and equations of motion for the forms imply that the dilaton and Einstein equations are satisfied, provided E 0M = 0 for M = 0.
3. M 1,3 × X 6 backgrounds
Supersymmetry
Let us now assume that spacetime is of the form of a warped product M 1,3 × ω X 6 , where M 1,3 is AdS 4 (or R 1,3 ) and X 6 is a compact manifold. The ten dimensional metric reads
where x is a coordinate on M 1,3 and y is a coordinate on X 6 . We will also assume that the forms have nonzero y-dependent components along the internal directions, except for the four-form which will be allowed to have an additional component proportional to the volume of M 1,3
where f is a scalar on X 6 . Note that with these assumptions the E M 0 = 0 for M = 0 condition is satisfied, and therefore we need only check supersymmetry the Bianchi identities and the equations of motion for the forms.
The requirement of N = 1 supersymmetry in 4d (4 real supercharges) implies the existence of a globally defined complex spinor η on X 6 . As a consequence the structure group of X 6 reduces to SU (3), as explained in the following subsection in more detail. In addition, on M 1,3 there is a pair of Weyl spinors (related by complex conjugation), each of which satisfies the Killing equation
where hatted quantities are computed using the metricĝ µν , and the complex constant W is related to the scalar curvatureR of M 1,3 throughR = −24|W | 2 . Spinor conventions are given in appendix A.
The ten-dimensional spinor ǫ = ǫ + + ǫ − decomposes as
where α, β are complex functions on X 6 , undetermined at this stage. The spinor ǫ thus defined is Majorana.
Substituting these Ansätze in the supersymmetry transformations we obtain
from the 'internal' components of the gravitino variation and
from the noncompact piece. Note that these equations are complex. Similarly from the dilatino we obtain
3.2 SU (3) structure and tensor decomposition
The existence of the spinor η allows us to define the bilinears
)
Note that J mn thus defined is real and Ω (Ω * ) is imaginary (anti-) self-dual, as can be seen from (A.8)
We choose to normalize η
Using (A.12) one can prove that J, Ω satisfy
are the projection operators onto the holomorphic/antiholomorphic parts. In other words, J defines an almost complex structure with respect to which Ω is (3, 0). Moreover (using (A.12) again) it follows that
Therefore J, Ω, completely specify an SU (3) structure on X 6 . Some further useful identities are given in appendix B.
In the case of a manifold X 6 of SU (3) structure, the intrinsic torsion decomposes into five modules (torsion classes) W 1 . . . W 5 . These also appear in the SU (3) decomposition of the exterior derivative of J, Ω. Intuitively this should be clear since the intrinsic torsion parameterizes the failure of the manifold to be of special holonomy, which can also be thought of as the failure of the closure of J, Ω. More specifically we have
The classes W 1 , W 2 can be decomposed further into real and imaginary parts W ± 1 , W ± 2 . As a final ingredient before we proceed to the analysis of the next section, we will need the decomposition of the form fields with respect to the reduced structure group SU (3) 20) where B
(1,1)
mn has been further decomposed into traceless (B) and trace (B (0) ) parts. The normalization above has been chosen so that
In terms of SU (3) representations we have,
Note that the tracelessness ofB is equivalent to the primitivity condition
Similarly for the H field we expand,
Finally, for the four-form G we have, 27) where
Note that the scalars B (0) , G (0) are real whereas H (0) is complex.
Analysis
We will start by examining the content of the supersymmetry equations (3.5-3.10), the Bianchi identities (2.2,2.4) and the form equations of motion (2.11,2.12). In section 4.3 we read off the torsion classes of the SU (3) manifold X 6 . Some special cases of our solutions are examined in 4.4. Equations (B.11,B.12) of appendix B will be very useful in the following.
Supersymmetry
We are now ready to analyze the content of equations (3.5-3.10). Our strategy will be to perform all possible contractions with η + ± γ (n) , as is made clear by the following Lemma: For χ, ǫ constant spinors in R 6 , where χ is non-vanishing,
Proof: First note that
where ǫ, ξ are spinors in R 6 . Clearly, if ǫ = 0 it follows that ξ α C αβ ǫ β = 0. Conversely, if ǫ = 0 we can assume without loss of generality that ǫ α=1 = 0 and C α=2 β=1 = 0 (it cannot be that C α1 = 0, ∀α, as this would imply det(C) = 0 whereas C is in fact unitary). It follows that ξ α C αβ ǫ β = 0, for ξ α = δ α 2 . Moreover it holds that if χ is a non-vanishing spinor, for any ξ there exist constants {φ
This follows from the fact that the Gamma matrices {γ (n) , n = 0, . . . 3} generate Gl(4, C) which acts transitively on C 4 − {0} ∋ χ. For globally-defined spinors on a manifold X 6 , as is the case at hand, the above can be generalized to arbitrary points on the tangent bundle. In this case {φ (n) a 1 ...an } become forms on X 6 . The lemma follows immediately from (4.1, 4.2).
The 1
We first note that multiplying (3.9) by β (3.10) by α * adding them together and separating real and imaginary parts, we obtain
where we noted that |α| 2 + |β| 2 > 0. We therefore distinguish two cases:
The first of equations (4.3) implies
Substituting this back to (3.9), (3.10) we obtain
Similarly, multiplying (3.7) by β (3.8) by α subtracting one from the other and separating real and imaginary parts, we obtain m = 0 6) where in the second line we have taken the massless limit (2.6). Finally, plugging the above back to (3.7), (3.8) implies
Hence, this case reduces to compactification to R 1,3 . This was analyzed in detail in [35] , [36] , [29] and will not concern us further here.
Case 2: |α| = |β|.
Without loss of generality, we can choose the phase of the internal spinor η so that
In the following it will be useful to add and subtract equations (3.5,3.6), taking (4.8) into account, to obtain
In this case the system of equations (3.7-3.10), (4.10) can be solved to give
The 3
The solution of equations (3.7-3.10) reads
where we have defined
Equation (4.10) then implies Arg(α) = constant , (4.14)
which, taking (4.11) into account and the fact that W is a constant, implies the following two cases:
and m = 0, or,
Arg(α) = π 4 (4.16) and m = 0. The latter case can be seen to reduce to four-dimensional Minkowski space once the Bianchi identities and the equations of motion are imposed, and will not concern us further.
The 6
This representation drops out of equations (3.7-3.10). Equation (4.10) implies
The 8
As in the previous case, this representation drops out of equations (3.7-3.10). Equation (4.10) implies
To summarize our results so far, the solution to equations (3.7-3.10,4.10) reads in form notation
(4.19)
In the above we have denoted by dV ol 4 the volume element of AdS 4 in the warped metric.
The SU (3) structure Plugging equation (4.9) into the definitions (3.11,3.12) we find
By antisymmetrizing in all indices we obtain
Equations-of-motion and Bianchi identities
Taking (4.19) into account, the Bianchi identity (2.4) for the H field implies
which is satisfied iff |α| = constant , (4.24) as can be seen from equation (4.22) . The Bianchi identity (2.4) for the G field can be seen to be satisfied automatically by noting thatB ∧ Ω = 0 and dJ ∧ J ∝ Re(Ω) ∧ J = 0. In the latter we have taken (4.21,4.24) into account. Moreover, using (4.19) we see that equation (2.2) implies In deriving (4.26) we noted that J ∧ dB = d(J ∧B) = d * (B ∧ dV ol 4 ), as can be seen from (4.21, B.13). It follows from (4.26) and the Hodge decomposition theorem that * B is harmonic up to an exact form: * B = dχ + Harm, i.e. dB = −d * dχ, for some globally-defined seven-form χ. We can see that this is indeed the case: using (4.25) it can be shown that 4 . Similar equations have appeared in the mathematical literature in [16] .
Note that (4.24,4.26) are equivalent to the consistency condition d(dΩ) = 0. The corresponding condition for the almost complex structure, d(dJ) = 0, is automatically satisfied. However, equation (4.25) is a consequence of supersymmetry and the Bianchi identities, and has to be imposed as an extra condition on the SU (3) structure. We will examine a class of examples with this property in section 5.
Starting from d(Ω ∧B) = 0, taking (4.22,4.25) into account, one arrives at
Using (B.13), it can then be seen that the form equations (2.11,2.12) are satisfied with no further restrictions on the fields. Although not necessary, as was argued in section 2, we have checked that the dilaton equation is also satisfied.
Torsion classes
Equations (4.21,4.22) can be used to read off the torsion classes of the internal manifold X 6 by comparing with (3.19) (taking (4.24) into account): Note that X 6 belongs to the class of half-flat manifolds. As mentioned in the introduction, the latter are defined by the property W
In conclusion, type IIA, N = 1 compactifications on AdS 4 × X 6 are given by (4.19,4.24) , where the internal manifold X 6 has SU (3) structure with torsion classes given by (4.29) and W − 2 is further restricted by (4.25).
Special cases
In the limit where
it follows from (4.28) thatB and W 2 vanish. Then all torsion classes vanish except for W − 1 , and X 6 is further restricted to be nearly-Kähler. This case was analyzed in detail in [37, 38] .
The massless limit should be taken with care, as was explained in section 2. In this case the solution reduces to 
This solution can be lifted to eleven dimensions, leading to a seven-dimensional internal manifold which is a (twisted) circle fibration over a six-dimensional half-flat base. Compactifications of eleven dimensional supergravity to AdS 4 in which the seven-dimensional internal space is a product of a circle and a six-dimensional nearly Kähler manifold, were considered in [49] . However no well-defined solutions were obtained in this reference. In fact, the results of the present paper imply that no such solutions exist. This can be seen as follows: in order for the manifold X 6 to be nearly Kähler we would have to have f = 0. Note that taking the f → 0 limit naively appears to lead to a compactification on R 1,3 × X 6 with only the primitive part of the F -flux turned on. However, as we can see from (4.28), F has to vanish and the internal manifold reduces to a Calabi-Yau.
Examples

T 2 over K3
We now construct a class of examples of six dimensional manifolds X 6 with the property that their intrinsic torsion is contained in W
and, in addition, the exterior derivative of W − 2 is proportional to Re (Ω (3,0) ) 1 . Our starting point is the work of Goldstein and Prokushkin [50] . These authors have shown that six-dimensional manifolds with SU (3) structure can be constructed as T 2 fibrations over Hermitian four-dimensional manifolds (X 4 ). The metric on the total space is then of the form
where g base is the metric on the base X 4 and a, b are local one-forms on X 4 . Moreover a, b satisfy da = ω P , db = ω Q , with
The complex (3, 0) form and the almost complex structure on the total space are given by
where Ω (2, 0) , ω are the holomorphic (2, 0) form and the hermitian (1, 1) form on the base 2 respectively. In the case we are considering X 4 is a Calabi-Yau two-fold (i.e. a K3 surface) and therefore Ω (2, 0) , ω are closed.
The two-forms ω P , ω Q should have no component in Λ 0,2 T * X 4 in order for the total space X 6 to be complex. However, as was noted in [50] , this condition can be relaxed. In fact, for our purposes we will take ω P , ω Q to be purely of type (2, 0) ⊕ (0, 2) on the base. Namely we take
where W − 1 is an imaginary constant, which should be quantized. We can see this as follows: let Γ 3,19 be the even, self-dual lattice of integral cohomology, where the following identifications are understood,
1 In this subsection we will write Ω (3, 0) instead of simply Ω, to distinguish from the holomorphic two-form Ω (2, 0) defined in the following. 2 If the map π : X6 → X6/T 2 ≃ X4 defines the fibration, we can extend Ω (2, 0) , ω, a, b from X4 to the total space X6 by using π * .
Note that Ω
we can define an inner product by
We have,
Moreover, it follows from Ω (2,0) ∧ Ω (2,0) = 0 that x · y = 0, x · x = y · y, and therefore
I.e. x, y have the same length and are orthogonal to each other. Let Σ be the two-plane defined by x, y. Changing the complex structure on X 4 while keeping Γ 3,19 fixed causes Σ to rotate, spanning the entire space of two-planes in H 2 (X 4 , R) (see for example [51] ). By choosing an appropriate complex structure on X 4 , we may arrange so that x/ V ol(X 4 ), y/ V ol(X 4 ) ∈ Γ 3,19 , as can be seen from the explicit form of the lattice. It follows from (5.5) that in order for (5.2) to hold, W − 1 has to be quantized.
From (5.3,5.4,5.5) we can compute the exterior derivatives of Ω (3, 0) , J,
Moreover, by noting that Ω (2, 0) ∧ Ω (0,2) = 2ω ∧ ω, we can see that the last line can be written as 
2 Re(Ω (3,0) ) . 
Iwasawa manifold
The following example, given in [15] , of dynamic half-flat SU (3) structure is based on the Iwasawa manifold M. Consider the following basis of one-forms on M: where we use the notation e ij := e i ∧ e j . Then for all t ∈ R + the following defines a half-flat SU (3) structure 15) compatible with the metric
We have introduced a mass scale M so that the einbeine e i are dimensionless. It is then straightforward verify that satisfies the primitivity condition W − 2 ∧ J ∧ J = 0, as it should. Moreover we find 19) which is the same as equation (5.13) of the previous example! However, this is not a coincidence as the example based on the Iwasawa manifold is in fact a special case of the T 2 over K3 fibration considered in 5.1. This can be seen as follows: equations (5.14) allow us to express the vielbeine in terms of coordinates x i such that 3
The coordinates x i , i = 1 . . . 4, parameterize a T 4 base on which we can define a hermitian (in fact Kähler) (1, 1) form and a holomorphic (2,0) form in analogy with the previous section:
where dz 1 := dx 1 + idx 2 , dz 2 := dx 3 + idx 4 . Equation (5.16) can be written as
where a := −x 1 dx 4 + x 3 dx 2 , b := −x 1 dx 3 − x 4 dx 2 . I.e. the metric is of the form (5.1) and, moreover, it can be seen that (5.5, 5.13) are satisfied for W − 1 = −2i/3. In other words, the example based on the Iwasawa manifold is a degenerate instance of the T 2 over K3 fibration presented in 5.1, whereby the K3 base is replaced by a T 4 .
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A. Spinor conventions
In all dimensions the Gamma matrices are taken to obey
where the Minkowski metric is mostly plus. Antisymmetric products of Gamma matrices are defined by Γ Note that φ + mnp (φ − mnp ) is imaginary (anti-) self-dual, as follows from (A.8). In particular, using definitions (3.11,3.12) we find The fundamental (16-dimensional, chiral) spinor representation ǫ ± is real and we define the reality condition by ǫ ± = ǫ 
